Oscillations in the magnetization of a metal crystal were first observed by de Haas and van Alphen in bismuth 50 years ago, and over the years this effect has developed into a powerful tool in the study of the electronic structure of metals. The lecture describes in simple terms how this has come about, with some emphasis on the early history of the subject in which Rutherford was indirectly involved.
I feel greatly privileged to have been asked to give this lecture in memory of Lord Rutherford who died over 40 years ago and I am particularly glad th a t on this occasion the lecture was given in India and Sri Lanka. This gave me the oppor tu n ity of renewing some of the contacts I made 27 years ago when I spent a fruitful and happy year starting some low tem perature physics at the National Physical Laboratory of India in Delhi and also the opportunity of making my first acquaint ance with the resplendent island of Sri Lanka.
R utherford was to have gone to India in November 1937 as President of the British Association for a joint meeting with the Indian Science Congress to celebrate its Silver Jubilee, but tragically he died a month before he was due to go. However, although he never came to India he was in touch with many aspects of Indian science and did much to encourage it. I t was largely a t his instigation th a t the Exhibition of 1851 Overseas Scholarship, which had enabled him to come to England from New Zealand, became available to Indian students and so opened up an im portant new educational link.
Curiously enough my own visit to India came about, though somewhat indirectly, through Rutherford. In 1936 a t the suggestion of S. Chandrasekhar (then a young research fellow in astrophysics a t Trinity College) he invited K. S. Krishnan to give a few lectures in the Cavendish about the beautiful work he was then doing a t the Indian Association for the Cultivation of Science in Calcutta on magnetic anisotropy in weakly magnetic crystals. These experiments were somewhat in R utherford's own style, involving little more than the traditional sealing wax and string, yet ingeniously designed to be just accurate enough to answer the right questions. I t was through these lectures th a t I first became acquainted with Krishnan and some 15 years later, when he was the first director of the National Physical Laboratory of India, he invited me to spend a year there and help set up low tem perature facilities.
For me there was also a more immediate consequence of K rishnan's visit. His lectures made me realize how much simpler it was to measure a weak torque th an a weak force. I was then doing some experiments on the oscillatory field dependence D. Shoenberg H/kG G = 10-* T] F ig u r e 1. Oscillatory field dependence of susceptibility (y = M /H ) of bismuth at 14.2 K (de Haas & van Alphen 1930) . O, H perpendicular to parallel to of magnetization in bism uth: the effect discovered by de Haas & van Alphen (1930) in L eiden| and the main subject of this lecture (figure 1). I was using the conventional Faraday technique of measuring the force on a sample in an inhomo geneous field, and a drawback of this method -quite ap art from the delicacy of the balance required -is th a t the field has to be inhomogeneous. If then the spread of field over the sample becomes comparable with the field range of the period of oscillation, the 'phase sm earing' could seriously diminish the amplitude of the oscillation. If, however, the magnetization is anisotropic, and it certainly is in bismuth, the anisotropy should also oscillate and the oscillations would show up in the torque exerted by a homogeneous magnetic field. Elimination of the phase smearing would improve the resolution of the oscillations, particularly a t low fields, where the period falls off as the square of the field. A convenient opportunity of putting this simple idea into practice occurred quite soon afterwards and once again Rutherford was involved in making it possible. To explain how this came about I m ust digress a little. About 15 years earlier, Peter Kapitza, a young physicist from Russia, had called on Rutherford and said how much he would like to work with him in the Cavendish Laboratory. Rutherford was a t first rather discouraging saying th at the Laboratory was already very full, but was rather taken aback when Kapitza replied by asking what accuracy he aimed a t in his experiments. The answer to this seemingly irrelevant question was 2-3% , which enabled Kapitza to point out th a t since there were only 30 or so researchers in the Cavendish, one more would hardly be noticed, since he would come within experimental error. This ingenious approach persuaded Rutherford to adm it Kapitza after all and over the years he continued to be impressed by his originality and strongly supported him in his work on high magnetic fields and low temperatures: the beginnings of solid state physics in Cambridge.
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, 1980 3 F ig u r e 2. Oscillatory field dependence of torque for bismuth at = 4.2 K. The ordinate is C/ H2 where G is the torque per unit volume at field H ; the field is at 9.7° from the binary axis in the binary-trigonal plane. (Shoenberg 1939.) I t came as a blow when in 1934, not long after the opening of the Royal Society Mond Laboratory, specially built to house these developments, K apitza was refused permission to return to Cambridge from a trip to the Soviet Union. Eventually, after complicated negotiations, a new laboratory, the Institute for Physical Problems, was built for K apitza in Moscow, and Rutherford not only facilitated the transfer of some of the key equipment from Cambridge to Moscow but also arranged th a t some of those who had worked with K apitza in Cambridge should help him get things going in his new laboratory. As a former research student of K apitza I welcomed this opportunity of joining him again for a time, and this is where my contact with Krishnan became relevant. I needed a research project to tackle during the year I was to spend in Moscow and the realization of the torque idea seemed just the thing, for it was simple enough to get somewhere quickly and yet of sufficient basic interest to be worth doing.
I t turned out to be indeed a lucky choice. W ithin a few weeks I was able to observe the de H aas-van Alphen oscillations. As I moved the rheostat controlling the magnetic field I was delighted to see the spot of light th a t measured the torque moving gracefully backwards and forwards on the scale in time with the magnetic oscillations. As shown in figure d , the oscillations can be followed to lower fields than with the Faraday method and it was possible to make a detailed study of how they varied not only with field but also with tem perature and orientation.
Another lucky circumstance was the presence in the In stitu te of the brilliant theoretician Landau, then barely 30, b u t already with m any achievements to his credit. R ather by coincidence, he had just then worked out an explicit formula to describe the oscillations (see Appendix to Shoenberg (1939) ). This was essentially a mathematical development of the theory given earlier by Peierls (1933), b u t Landau's explicit formula made it much easier to interpret the experimental results, and indeed to suggest just w hat measurements should be made. His formula proved to fit the experiments in remarkable detail and made possible the deter mination of the Fermi surface of b is m u th -th e first metal Fermi surface to be determined experimentally.
To understand w hat this means it is necessary to go back a b it and say a little about the basics of electrons in metals and explain how the magnetic oscilla tions come about. One of the most im portant characteristics of a metal is its Ferm i surface: the surface of constant energy in wavenumber or &-space, which sets a sharp boundary a t tem perature T = 0 between the occup unoccupied states outside. The Fermi surface is in fact rather like a signature tune, which distinguishes ©ne metal from another. For the simplest model of a metal, the free electron model, in which the periodic field of the lattice of positive ions is ignored, the surfaces of constant energy (and in particular the Fermi surface) are simply spheres. In real metals, however, and especially polyvalent metals, where several partially occupied bands of states may overlap, the Fermi surface may be much more complicated and break up into a num ber of sheets. U ntil about 30 years ago, little was known about the Fermi surfaces of real metals. Theoretically, the methods of calculating band structures had not yet been perfected and in any case computers were not sophisticated enough to cope adequately with the calculations involved. Experim entally, the difficulty was th a t although some simple properties of a metal, such as electronic specific heat, could be calculated from knowledge of the Fermi surface and imme diately neighbouring surfaces (and others such as transport properties with some additional assumptions), the reverse was not possible.
In fact a rather special kind of property is needed to reveal anything directly about the geometry of the energy surfaces, though it was only during the 1950s th a t this began to be realized. On the basis of rather simple-minded concepts of electron dynamics and quantum theory, I. M. Lifshitz, L. Onsager, A. B. Pippard and others showed th a t certain already known effects, such as the de H aas-van Alphen magnetic oscillations mentioned earlier, the anomalous skin effect and the increase of resistance in a magnetic field, could give direct information about the geometry of the energy surfaces, and the Fermi surface in particular. Not long afterwards other methods were discovered, involving new phenomena, such as cyclotron resonance (Azbel and Kaner), magneto-acoustic resonance (Bommel and Pippard) and the radio frequency size effect (Gantmakher). Of all these methods the de H aas-van Alphen effect has proved to be the most universally useful tool, though study of the other effects has played an im portant role in showing th a t the simple-minded concepts were reliable and provided a consistent picture of the electron structure. (For a general account of these developments see Shoenberg (1969) .)
Although the magnetic oscillations were discovered as long ago as 1930 in bismuth, it was nearly 20 years before the effect was found in other metals. In fact bismuth is somewhat of an oddity among metals because it contains very few conduction electrons and so has a very small Fermi surface. As will become clear shortly, the significance of a small Fermi surface is th a t the oscillations are particu larly easy to observe, being of low frequency and requiring only modest magnetic fields. Higher fields and more sensitive techniques are necessary for seeing the oscillations in most other metals and it was mainly for this reason th a t the effect was not more widely observed until the late 1940s, while the very high frequency oscillations associated with the large Fermi surfaces of the monovalent noble and alkali metals were observed only in the late 1950s.
The connection between the oscillations and the Fermi surface was pointed out independently by I. M. Lifshitz (in an unpublished lecture in 1950) and by Onsager (1952) , fortunately a t just the time when the oscillations were being discovered in more and more metals. For most metals the oscillations proved to be much more complicated than those in bismuth and impossible to accommodate in Landau's formula, which had envisaged only ellipsoidal surfaces of constant energy, fortunately appropriate for bismuth, though not for most other metals. I t was the Lifshitz-Onsager formulation th a t provided the key to unravelling the rather complicated experimental d a ta and I now outline its derivation.
The basic origin of the oscillations is the quantization of the electron motion in a magnetic field. This quantization can be specified by restricting the permitted states in a magnetic field to those lying in k-space on discrete tubes (often called Landau tubes) th a t have areas of cross-section a normal to the magnetic field direction and given by the quantum condition {n is an integer and H is the magnetic a = ( n + \)2neH (1)
We thus have a picture (figure 3) in which the states lying on the tubes within the Fermi surface are occupied while those outside are unoccupied. As H grows, a grows with it, and the occupied length of a tube of given n shrinks until eventually, as the tube passes through the extremal cross section of the Fermi surface, it
The Rutherford Memorial , 1980 H F ig u r e 3. The permitted states in a magnetic field H lie on a series of discrete tubes specified by equation (1). At low temperature the occupied states lie within the Fermi surface (here supposed to be spherical). (After Chambers 1956.) shrinks infinitely rapidly to nothing. These vanishings evidently occur a t regular intervals of 1 / Ha nd cause periodic changes of all the thermodynamic properties of the metal, in particular of the free energy and its field derivative, which is magnetization. I t is easy to obtain the periodicity from the quantum condition (1). The occupancy of a Landau tube vanishes wherever a reaches the extremal value of A, the Fermi surface cross-sectional area; and this happens a t regular intervals A(1 /H ) of the reciprocal of H given by A(l/tf) =
(2) This is the Lifshitz-Onsager formula, and its great power is th a t it enables the area A normal to every direction to be determined absolutely, simply by measuring the oscillation period when the field is in th a t direction. In practice it is more convenient to think in terms of a frequency defined as
rather than a period and it should be noticed th a t if the oscillations are plotted directly against field they get closer and closer as the field decreases, since
If we look a t the orders of magnitude, we find th a t for a monovalent metal with something like a spherical Fermi surface, the period A is only about 5 G for on January 23, 2018 http://rspa.royalsocietypublishing.org/ Downloaded from The Rutherford Memorial , 1980 7 F ig u r e 4. Fermi surface of copper (schematic) in the Brillouin zone. The curves B100, B1U and N are the 'belly' orbits for the field along < 100> and the 'belly' and 'neck' orbits for the field along < 111 > , respectively. F ig u r e 5. Fermi surface of copper (schematic) in the extended zone scheme as viewed along a < 110 > direction. The dogsbone orbit can be seen at the centre of the picture, and the orbits of figure 4 are also shown.
on January 23, 2018 http://rspa.royalsocietypublishing.org/ Downloaded from F ig u r e 6. Neck and belly oscillations in Cu for the field along < 111 > at 1.4 K. The field is about 74 kG-and the period of a single oscillation is about 250 G for the neck and 9.4 G for the belly. The amplitude of the belly oscillation signal has been considerably reduced relative to that of the neck to show the latter more clearly (courtesy of Dr Z. S. Basinski and Dr G. G. Lonzarich).
H -50 kG and it becomes difficult to resolve the oscillations unless fields of this order or higher are used. Moreover, as I shall show later, even with high fields, the tem perature m ust be as low as 1 or 2 K , for an observable amplitude to be obtained. I t is mainly the development of high field techniques -first pulsed magnets and more recently superconducting magnets -th a t has enabled the potentialities of the oscillations to be exploited. The exploitation has also been greatly facilitated by parallel developments in the electronic techniques of detecting the oscillations and in computing techniques for rapid handling of the data. Although the old torque method still has useful applications, most measurements are now made by superimposing a small alternating field on the high steady field of a superconducting magnet and looking a t the alternating voltage induced in a pick-up coil around the sample. This pick-up voltage contains a component propor tional to d MJdH, and after amplification and rectification the output reveals th oscillations of dM / dH as the main steady field is slowly varied.
To illustrate how all this works in practice let me give in outline one case h isto ry : th a t of copper. Its Fermi surface (and th a t of silver and gold) is simple enough to be easily grasped yet not so simple as to be featureless. As Pippard (1957) had suggested earlier on the basis of measurements by a quite different technique, the anomalous skin effect, the Fermi surface is distorted a little from the ideal sphere of the free electron model and in the < 111 > directions it is pulled out sufficiently to make contact with the Brillouin zone faces (figure 4). In an extended zone picture it is therefore m ultiply connected (figure 5) with small necks joining the repeat units. The de H aas-van Alphen oscillations provide convincing evidence L e c t, 1980 F ig u r e 7. Frequency spectrum for tungsten (logarithmic scale). The Greek letters refer to the orbits illustrated in figure 8 . (Girvan al. 1968.) th a t this is really so and make it possible to give a very precise specification of the surface (to something like 1/104). W hen the field is along < 111 > the simultaneous existence of low frequency oscillations associated w ith the 'neck' and high frequency ones associated with the ' belly ' (figure 6) is striking qualitative evidence for the multiple connectivity, and the ratio of the frequencies (something like 27:1) shows th a t the neck radius is roughly one fifth th a t of the belly. F urther confirmation comes from the behaviour when H is along < 110> . The belly frequency is now missing, bu t instead oscilla tions are observed of a frequency about two fifths th a t of the belly. This is exactly w hat would be expected from the m odel: the extrem al belly section is broken by the necks b u t in its place is a smaller * hole ' orbit, which has come to be known as the 'dogsbone' (see figure 5 ). O ther extrem al areas such as the 'ro sette' and the ' lemon ' predicted by the model for special orientations have also been observed.
The detailed topography of the surface can be worked out from precise measure m ents of how the extrem al area of the belly varies over the range of directions for which there is still a closed contour and of other key features such as the neck and dogsbone areas (see for instance Halse 1969). If the Fermi surface is specified by a suitable analytic formula with a few adjustable parameters, the values of these parameters can be determined by a trial and error procedure to fit the area data. One such analytic description is an expansion in spherical harmonics with five adjustable parameters, and another is a param etrized band structure with only four adjustable parameters. The facts th a t both descriptions of the Ferm i surface can be made to agree with the experim ental areas to something like 1/104 and th a t both descriptions agree with each other to a similar precision in radius vectors give confidence th a t the determ ination really means something. F urther con fidence comes from measurements of other properties such as those mentioned earlier, which though not as precisely determined as the extrem al areas, all prove to be explicable in terms of the same Fermi surface.
T>. Shoenberg
F ig u r e 8. Perspective sketch of the Fermi surface of tungsten (Girvan et al. 1968 ).
Although the only example I have discussed is the relatively simple one of copper, there has been remarkable success in disentangling the much more compli cated Fermi surface of many other metals. J u st to give a flavour of w hat is involved, the de H aas-van Alphen spectrum of a typical polyvalent metal (tungsten) is shown in figure 7 . The variation of the oscillation frequency F with orientation now contains many branches, and its interpretation requires a good preliminary understanding of w hat the band structure is like. I t is fortunate th a t progress in basic theory and in computing techniques has gone hand in hand with the experi mental progress so th a t it is usually possible to predict a t least in broad outline w hat the Fermi surface should look like. The finer details are then settled by fitting the formulation to the observed frequency spectrum, and even such a complicated picture as figure 7 can be reliably translated into a meaningful Fermi surface (figure 8).
U ntil recently the main emphasis in the exploitation of the magnetic oscillations has been on the most easily measured feature (the frequencies) to extract the shape and size of the Ferm i surface. B ut it is not only the frequencies of the oscillations th a t are useful. The amplitudes too can provide valuable information, though as yet this possibility has not been fully exploited. (Several recent reviews can be found in Springford (1980) .) Some features of the amplitude and its tem perature and field dependence can be qualitatively understood in term s of the simple picture shown in figure 3 of Landau tubes passing through the Ferm i The Rutherford Memorial , 1980 11 [100] F ig u r e 9. Contours of Fermi velocity (expressed, as a fraction of the free electron value) for copper in a stereographic projection (Halse 1969). surface. I f T# 0, the boundary between occupied and unoccupied states becom slightly blurred, by something like kT in energy. th e occupied p arts of the tubes as they expand becomes somewhat less abrupt, and the oscillations become damped. I t is easy to see from (1) th a t the energy separation A Eo f neighbouring tubes as they go through the Ferm i surfa given by AE = eKH/c(K*/2n) (d a/d m
Here (h2/2n) (da/dE)E=E plays the p a rt of an effective mass, m (in fact i cyclotron mass, which determines cyclotron resonance), and /? = 2 w ith the free electron mass m0 replaced by m. Evidently the damping will get severe once JcT is comparable with A Es ince the effects of neighbouring tubes will then ov the detailed theory shows th a t the am plitude is reduced by a factor th a t is approximately exp ( -2n2JcT//3H).
This damping factor, which makes it essential to work a t low tem peratures, can be exploited to give useful information. Evidently the value of /? and hence of (da/dE)Es=Ep can be determined from careful measurements of how the am pli tude varies with T. Moreover if (da/dE)E=Ep is known fo is also known, it becomes possible to specify precisely the differential behaviour of the constant-energy surfaces a t the Fermi surface, i.e. to determine the constantenergy surfaces for energies slightly different from the Ferm i energy. This in tu rn enables the electron velocity to be determined a t every point of the Ferm i surface (since the velocity is simply proportional to the rate of change of energy along the normal to the surface) and also predicts the electronic specific heat, which is proportional to the rate a t which the volume of the surface changes w ith energy. The noble metals are among the few to which this technique has been applied, and figure 9 shows a contour map of the velocities for copper, while table 1 shows how well the predicted and measured values of electronic specific heat agree. Another damping mechanism arises from electron scattering. Because of the uncertainty principle, a finite probability of scattering leads to a blurring of the Landau tubes, which has much the same effect as a blurring of the Fermi surface. The extra damping is in fact approximately as if had been increased by a quantity x known as the Dingle tem perature and proportional to the probability of scattering (Dingle 1952) . During the last ten years this effect has begun to be exploited vigorously as a method of studying im purity scattering and has already contri buted much to the understanding of dilute alloys.
A complication, however, is th a t even in ideally pure specimens some damping occurs owing to sample imperfections (e.g. dislocations and mosaic structure). The size of the Fermi surface (which depends slightly on strain) and consequently the oscillation phase, vary slightly through the sample, and this phase smearing reduces the amplitude. Since the phase 2nF/H may be as large as 104 x it needs little change in F to cause appreciable damping. The damping again is of potential interest in giving information about imperfections, though the theory is not yet fully understood.
Finally, the amplitude may also be reduced by the electron spin, which we have so far ignored. The up and down spins have slightly different energies and so lie on separate Landau tubes. The consequence is th a t the observed oscillations are really the superposition of two oscillations th a t have a constant phase difference. This phase difference can be expressed as ngm/rriQ where m is the cyclotron mass and gi s a factor th a t would be 2 for a free electron. This means th a t the amplitude is reduced by a factor cos ngm/m0 ). By suitable measurem amplitude and of the harmonic content of the oscillations (which for simplicity has been ignored up to now) the gr-factor can be extracted. I t can differ appreciably from two both on account of spin-orbit effects and many-body interactions. Only a few such studies have so far been made and much remains to be done.
These qualitative considerations about the am plitude were first p u t into quantitative form by Lifshitz & Kosevich (1955) , and a remarkable feature of their formula (which is really just a generalization of Landau's formula to an arbitrary Ferm i surface) is th a t it is almost exactly valid even when many-body effects (electron-phonon and electron-electron interactions) are taken into account. The only consequence of the many-body interactions is th a t the values of the key param eters in the formula, the cyclotron mass, the gr-factor and the Fermi surface dimensions, are not quite w hat a band structure theory based on independent particles would predict. Thus measurements of the key param eters prove to be im portant in the understanding of many-body effects in metals. R utherford once said: 'I am a simple man and I like simple theories'. I think he would have approved of the boldness of the theoretical pioneers who in effect ignored the complications of many-body effects and used the relatively simple concepts based on independent particles because they worked, even though the reason why they worked came only later.
Since this lecture was given in Sri Lanka as well as in India it may be appropriate to note th a t the old name of Sri Lanka was Serendip and th a t there is an old fairy tale called 'The three princes of Serendip'. The heroes of this tale were always making discoveries by accident of things they were not looking for, and more th a n 200 years ago Horace Walpole coined the word 'serendipity' to describe happy chance finds.f The discovery of the magnetic oscillations by de H aas and van Alphen 50 years ago is a nice example of just such a serendipity, and it is indeed a happy chance th a t such an aesthetically pleasing effect should have proved so useful as a key to understanding w hat goes on in metals. I hope it may continue to be useful for a long tim e to come. f This is the meaning of the word as described by Walpole himself in a letter to Sir Horace Mann in 1754 (see, for example, Lewis 1973) , but the text of the fairy tale (see Remer 1965) suggests that Walpole's recollection of it may have been a little unreliable. In fact, the three princes did not so much stumble on interesting discoveries as draw ingenious and far-reaching conclusions -rather in the style of Sherlock Holmes -from keen observation of trifling clues.
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